We study theoretically the relaxation of electron spins in graphene in proximity to an s-wave superconductor in the presence of resonant magnetic and spin-orbit impurities. Off resonance, the relaxation behaves as predicted from superconducting coherence: with lower temperatures the spin relaxation increases when electrons scatter off magnetic impurities (Hebel-Slichter effect), and decreases when the scatterers induce spin-orbit coupling. This distinct temperature dependence, not available in the normal state, can uniquely discriminate between the two scattering mechanisms. But the Hebel-Slichter picture breaks down at resonances. The emergence of Yu-Shiba-Rusinov bound states within the superconducting gap shifts the spectral weight of the magnetic resonances and leads to a significant decrease of the spin relaxation rate at lower temperatures. Our findings should be valid for generic s-wave superconductors that host resonant magnetic impurities. Introduction: Superconducting spintronics strives at combining both spintronics [1] and superconductivity (SC) [2-4] to find new phenomena. While the latter can be used as an efficient dissipationless source, the former exploits spin for logical operations. Therefore one can hope to launch a superconducting (SC) spin-operating device that would be, on the one hand, very efficient in terms of energy demands, but on the other hand, would offer complex logical performance and fine-tuned functionality. A potentially versatile platform for that is offered by layered, high-mobility 2D materials that are susceptible to superconductivity, while the reduced spatial dimensionality supports topological protection, nonAbelian statistics, and switchable bulk/edge transport. Recent experimental demonstration of SC in the twisted bilayer graphene [5] , 2D topological insulators [6, 7] , and layerd transition-metal dichalcogenides [8] [9] [10] [11] [12] drive considerable theoretical, and technological interests in that regard.
Introduction: Superconducting spintronics strives at combining both spintronics [1] and superconductivity (SC) [2] [3] [4] to find new phenomena. While the latter can be used as an efficient dissipationless source, the former exploits spin for logical operations. Therefore one can hope to launch a superconducting (SC) spin-operating device that would be, on the one hand, very efficient in terms of energy demands, but on the other hand, would offer complex logical performance and fine-tuned functionality. A potentially versatile platform for that is offered by layered, high-mobility 2D materials that are susceptible to superconductivity, while the reduced spatial dimensionality supports topological protection, nonAbelian statistics, and switchable bulk/edge transport. Recent experimental demonstration of SC in the twisted bilayer graphene [5] , 2D topological insulators [6, 7] , and layerd transition-metal dichalcogenides [8] [9] [10] [11] [12] drive considerable theoretical, and technological interests in that regard.
A limiting factor for spin-based logical performance is spin relaxation (SR) [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In this Letter we explore spin relaxation in SC-graphene focusing on magnetic resonant impurities, and impurities locally enhancing spinorbit-coupling (SOC). Both are, per se, at the heart of intensive scientific discussions [23] [24] [25] [26] [27] [28] [29] about the dominant SR mechanism in graphene. We demonstrate that the s-wave SC in graphene can offer an ultimate answer capable to discriminate between them. This is because unlike in the normal phase, the proximity induced SC gap, strong temperature-dependence in carriers population, underlying coherence phenomena, and the potential appearance of bound states, heavily influence spin-flip dynamics in the SC phase. We believe that despite its experimental challenge, our predictions have a potential to drive the forthcoming spintronics activities into the realm of superconducting graphene (SCG).
Theoretical studies of SCG started more than a decade ago [30, 31] . Soon, it became clear that weak electronphonon coupling, and low electronic densities (at experimentally accessible dopings) are not sufficient to cause the Cooper instability [32] [33] [34] . One possibility to overcome that would be a proximity to superconductor [35] [36] [37] , or alkaline intercalation [38, 39] that enhances electronic density and also coupling with phonons. Theoretical models at elevated Fermi energies (µ > 1 eV), and especially at regions near the van Hove singularities (µ > 2.7 eV), offer a plethora of 'possible exotic SC pairing mechanisms', that count: p-wave, extended swave, (singlet) chiral d-wave, (triplet) f -wave, and also their simultaneous co-existences; for details see [40] [41] [42] [43] [44] [45] [46] [47] . The first experimental demonstration of SCG [48] dates to 2007, where metallic contacts in a lateral Josephson geometry induced SC in graphene by the proximity effect [49] [50] [51] . The higher degree of functionality brings the interfacial geometry, where graphene grows directly on top of a superconductor [52, 53] . At the same time, the predicted SC phase in alkaline intercalated graphite structures were successfully verified [54] [55] [56] . The reported experimental findings vary by method, but the typical magnitudes of the induced SC gap ranges from few tens of µeV [48] up to 1 meV [57] (T c 7 K). Also, both s-wave [48] and p-wave [53] SC pairings were convincingly demonstrated; for more details see the comprehensive review [58] .
Rationale: SR of quasi-paricles (QP) in the SC phase depends on the underlying scattering mechanism, namely, its time-reversal parity. The latter determines how the electron and hole transition amplitudes combine before squaring that gives the final spin-flip rate. As pointed out by Yafet [59] , the SR-rate in SC phase, 1/τ 
[for the explicit formula see Eq. (3)]. Here u and v are the conventional BCS coherence factors entering QP wave-functions, and · · · represents thermal broadening over the QP energies. Consequently, the SR in SC phase increases or decreases depending on the relative sign between the coherence factors. The plus (minus) sign applies to perturbations which are odd (even) w.r.t. time-reversal symmetry, e.g. magnetic impurities (local SOC fields), what gives rise to a larger (smaller) 1/τ
As demonstrated later, those differences for SCG vary with the chemical potential and temperature, and can change by few orders of magnitude giving an unprecedented experimental feasibility disentangling the dominant SR mechanism by conducting the same experiments in the normal and SC phases.
The qualitative physical arguments are rather intuitive. QPs have well defined spins, almost unchanged mass from normal phase carriers, but smaller effective charges, q = (u 2 − v 2 ) e el. , especially, in the coherence peaks (u 2   v 2 ) occupied at T < T c . Consequently, all charge-dominated effects would be less pronounced, and so from the 'spin-spin exchange' vs. 'charge-charge direct' interaction the former takes over, and 1/τ
This effect is experimentally known as the HebelSlichter effect [60, 61] ; for a detailed explanation see [62] . Not only charges of QPs diminish, but also their group velocities, v SC |(u 2 − v 2 )| v N , and hence the momenta. While the spin-orbit couples spins with momenta, the effective strength of the SOC interaction in the SC phase significantly decreases, what implies 1/τ
Recent experiments [63, 64] in a layered SC aluminium report significantly lowered SR and attribute it to a weakened SOC in the SC phase. For more details about the charge and spin accumulation of QP in superconductor, their non-equilibrium separation and relaxation see Refs. [65] [66] [67] . Despite it is intuitively sound, it is worth to comment on two main limitations of the Yafet relation. First, it does not take into account SR processes that are specific to the SC phase, and which lack counterparts above T c , e.g., formation of YSR-states that can take away a spectral weight. Second, Yafet's formula a priori breaks at resonances since those are beyond finite-order perturbation theory. Both will be explicitly experienced below.
Model and Methodology: To describe the singlet SC in graphene in the proximity to a superconductor we use the established tight-binding model [30] :
(1) Here t = 2.6 eV stands for the conventional NN hopping, µ for the underlying chemical potential (doping level) with reference at the Dirac point of the normal phase, and ∆ for T -dependent global on-site s-wave-pairing. We assume BCS dependence of the graphene SC-gap on T , ∆ = ∆ 0 tanh [1.74 T c /T − 1], with proximity relevant value of ∆ 0 = 1 meV and T c 7 K. Operator c ( †) mσ annihilates (creates) an electron with spin σ at a graphene lattice site m, δ mn represents the usual Kronecker-symbol, and δ mn its NN analog-that is unity for the direct nearest-neighbors, and zero otherwise. The orbital interaction with an adatom-annihilation and creation operators d σ and d † σ -is governed by the hybridization ω, on-site energy ε and proximity pairing ∆ on the impurity site [68] :
For a pictorial definition of V o see the inset in Fig. 1 . The above orbital perturbation is completed by a local spin-dependent term V s . Our analysis covers two ex- perimentally important cases: (1) exchange interaction, V (1) s = −J S · s, between an itinerant spin s at adatomlevel [69] and a non-itinerant 1 2 impurity spin S (e.g., inner shell, or Hubbard-like induced), and (2) local SOC in the vicinity of an adatom [70] [71] [72] [73] [74] with enhanced Rashba and PIA strengths. For the explicit form of V (2) s , see [75] . To work with realistic impurities we consider hydrogen and fluorine adatoms as both give sizable SOC enhancement [70, 71] , and can also carry magnetic moments [76] [77] [78] [79] [80] [81] [82] [83] . Our methodology is standard: from H 0 at given µ we compute: 1) eigenspectrum E k = ( k − µ) 2 + ∆ 2 , where k are known eigenvalues in the normal phase, 2) 'in' and 'out' scattering states |k, σ -QP Bloch levels normalized to unity, and 3) an unperturbed (retarded) Green's function elements (normal and anomalous), G 0 . From G 0 and V = V o + V s we get T-matrix,
, which gives rise to the scattering amplitudes, k, ↑ |T|q, ↓ , and perturbed Green's function G = G 0 + G 0 · T · G 0 . We assume dilute concentration of impurities not affecting [84] ∆, what liberate us from self-consistent calculations. Knowing G we compute (L)DOS, bound states, and other spectral features of the perturbed system, while from the scattering amplitudes we obtain spin-flip scattering rates. Finally, to get SR, 1/τ SC s , at given µ and T for a concentration η (per carbon atom) of spin-active impurities we evaluate the following integral over the 1st Brillouin zone:
where g = 1/(exp [
kBT ] + 1) is the Fermi-Dirac distribution, and A uc is the area of the graphene unit cell. The Yafet formula is as a special case of Eq. (3). Approximating T V , and plugging the exact expression for the QP-wave functions in terms of the corresponding electronic states in the normal phase (Bogoliubov transformation) one gets k, ↑|V |q, ↓ = (u k u q ± v k v q ) (V s ) kq , where the last term is the normal phase matrix element for the spin-flip part of V . Integration over q's gives SRrate at energy E k , and integrations over k's account for thermal smearing.
Results: Adatoms on graphene give rise to resonances [85] [86] [87] [88] . Particularly those near the Dirac point strongly modify transport properties [88] [89] [90] [91] [92] [93] [94] . Figure 1 demonstrates how resonances in the normal phase affect the population of QP states in SCG. Panel 1(a) shows density of states (DOS) of graphene covered by 100 ppm of resonant non-magnetic impurities, and panel 1(b) displays the corresponding QP DOS in the SC phase for several representative chemical potentials; we use ω = 5.5 eV, ε = 0.26 eV and an enlarged ∆ 0 = 5 meV for a better resolution. We present resonant and off-resonant doping limits, and see that whenever µ approaches resonance in the normal phase, QP DOS shows strong modification near the coherence peaks in the SC phase. This is quite obvious from the BCS-point of view; E-dependence of QP DOS at doping level µ relates with the normal DOS at µ via QP DOS(E) = E √ E 2 −∆ 2 DOS(µ), so the enhanced DOS implies enhanced QP DOS. Since the coherence peaks are important for the transport of QPs and their SR, we expect certain relaxation anomalies at those doping levels that modify them. , as functions of T /T c . For the representative off-resonant value of µ = 500 meV, we get in both cases enhancement of SR-rate in the SC phase by almost a factor of 4 (graphs with red symbols), but in the resonant regions-for hydrogen µ = −80 meV, and for fluorine µ = −300 meVwe see a strong decrease of SR-rates (graphs with black symbols) by almost three-orders of magnitude! This suggests a nice experimental tool-observing enhanced and strongly depleted SR-rate in the SC phase when varying µ and lowering T would signify the presence of resonant magnetic impurities! To explain this peculiar decrease of SR in the resonances which is at odds with its normal phase behavior [69, 95] we calculate in Figs. 2(e) and (f) the corresponding energies (T-matrix singularities) of the Yu-Shiba-Rusinov magnetic bound states [96] [97] [98] that emerge in the SCG [99] . We see that at resonances they are deep in the SC-gap. This offers an explanation why SR-rates dropped down. The resonant spin-flip scattering of QPs counts many contributions from multiple scatterings and virtual state tunnelings. Schematically, they can be written as V aa + V aI |I I| Ea−E I +i0+ V Ia + · · · , where E I represents energy of any intermediate stateextended, or the subgap one-and E a stands for the energy of an incident extended QP state. The dominant spin-flip matrix elements, V aI , are those for which the extended state a overlaps with the magnetic impurity level I=YSR, since only this gives rise to QP spin flip. While V aI=YSR 's are roughly the same for a-states at the coherence peaks, what matters are the energy differences E a − E I=YSR in the denominator. Those are small in the off-resonant region, since E I=YSR are aligned with the edges of the SC-gap, and are large in the resonances. That this would be the cause of the reduced SR is also clear from the T -dependence of the SR-rates; for higher T the SC-gap ∆ gets smaller, and hence also the difference E a − E I=YSR . It is worth to stress that from the original Yafet formula one would get exactly the opposite conclusion. It is because the formation of the bound states in the SC-gap, and their role in the virtual scattering processes were not taken into account. s , which incorporates realistic, first-principles motivated coupling strengths, see [75] . As predicted by Yafet [59] and quantitatively computed by our full Tmatrix calculation, SR-rates for both considered cases decrease with the lowered T by an order of magnitude over the whole range of chemical dopings giving rise to a sizeable signal. Despite that uniform decrease, in the resonances SR-rates get enhanced as was the case also in the normal phase [102] . This is because a QP locked in the resonance has enough time to experience SOC, that despite enfeebled in the SC phase, can flip its spin. As an experimental protocol-a global decrease of the SRrate with lowered T over whole ranges of µ would signal a SOC-dominated relaxation.
Conclusions:
We discussed SR in graphene in the proximity of s-wave superconductor in the presence of resonant impurities. We demonstrated that compared to the normal phase, the spin-flip dynamics in the SC phase allows to discriminate between the magnetic momentdominated SR, and SOC-dominated one. Our theory predicts that reaching superconducting resonances the former would significantly decrease-alike the anti-HebelSlichter effect-due to the deep-lying subgap Yu-ShibaRusinov states. The predicted effect can reach three-tofour orders of magnitude making it robust, and verifiable by experiment.
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